Abstract-Many physical systems of interest that are encountered in practice are input-output open quantum systems described by quantum stochastic differential equations and defined on an infinite-dimensional underlying Hilbert space. Most commonly, these systems involve coupling to a quantum harmonic oscillator as a system component. This paper is concerned with the error in the finite-dimensional approximation of input-output open quantum systems defined on an infinitedimensional underlying Hilbert space. We present explicit error bounds between the time evolution of the state of a class of infinite-dimensional quantum systems and its approximation on a finite-dimensional subspace of the original, when both are initialized in the latter subspace. Application to a physical example drawn from the literature is provided to illustrate our results.
I. INTRODUCTION
Quantum stochastic differential equations (QSDEs) developed independently by Hudson and Parthasarathy [1] and Gardiner and Collett [2] (the latter in a more restricted form than the former) have been widely used to describe the inputoutput models of physical Markovian open quantum systems [3] - [5] . Such models describe the evolution of Markovian quantum systems interacting with a propagating quantum field, such as a quantum optical field, and are frequently encountered in quantum optics, optomechanics, and related fields. An example in quantum optics would be a cavity QED (quantum electrodynamics) system where a single atom is trapped inside an optical cavity that interacts with an external coherent laser beam impinging on the optical cavity. These input-output models have subsequently played an important role in the modern development of quantum filtering and quantum feedback control theory [6] , [7] . Many types of quantum feedback controllers have been proposed in the literature on the basis of QSDEs, using both measurementbased quantum feedback control, e.g., [3] , [4] , [6] , [7] , and coherent feedback control, e.g., [8] - [10] . Besides, the QSDEs have also been applied in various developments in quantum information processing, such as in quantum computation technology; e.g., see [11] .
In various physical systems of interest, one often deals with input-output systems that include coupling to a quantum harmonic oscillator. For instance, typical superconducting circuits that are of interest for quantum information processing consist of artificial two-level atoms coupled to a transmission line resonator. The former is typically described using a finite-dimensional Hilbert space and the latter is a quantum harmonic oscillator with an infinite-dimensional underlying Hilbert space (i.e., L 2 (R), the space of square-integrable complex-valued functions on the real line). Another example is a proposed photonic realization of classical logic based on Kerr nonlinear optical cavities in [12] , which is built around a quantum harmonic oscillator with a Kerr nonlinear medium inside it. If a mathematical model for such quantum devices is sufficiently simple, it is often possible to simulate the dynamics of the system on a digital computer to assess the predicted performance of the actual device, as carried out in [12] . The simulation carried out is typically that of a stochastic master equation that simulates the stochastic dynamics of a quantum system when one of its output is observed via laboratory procedures such as homodyne detection or photon counting, see [3] , [6] , [13] . However, since it is not possible to faithfully simulate a quantum system with an infinite-dimensional Hilbert space, often in simulations this space is truncated to some finite-dimensional subspace and an operator X on the infinite-dimensional space is approximated by a truncated operator of the form P XP , where P denotes an orthogonal projection projector onto the approximate finite-dimensional subspace. For instance, with quantum harmonic oscillators, a commonly used finitedimensional space is the span of a finite number of Fock states |0 , |1 , . . . , |n .
Despite the ubiquity of approximating infinite-dimensional Hilbert spaces of quantum systems by finite-dimensional subspaces for simulations of input-output quantum systems, to the best of the authors' knowledge, there does not appear to be any work that has obtained some explicit bounds on the approximation error of the joint state of the system and the quantum field it is coupled to. In this paper, we present bounds on the error between the quantum state of a quantum system described by the QSDE and the quantum state of a finite-dimensional approximation described by another QSDE, when both systems are initialized in a state in the finite-dimensional subspace. The bounds are established using the contractive property of open quantum systems, semigroup theory, and some constructions employed by Bouten, van Handel and Silberfarb in [14] . An example is also presented to illustrate the application of our results.
The rest of this paper is structured as follows. In Section II, we present the class of open quantum systems and the associated QSDEs describing Markovian open quantum systems. Explicit error bounds for a finite-dimensional approximation of a Markovian open quantum system are established in Section III. An example provided in Section IV. Concluding remarks are then presented in Section V.
II. PRELIMINARIES

A. Notation
We use ı = √ −1 and let (·) * denote the adjoint of a linear operator as well as the conjugate of a complex number, and (·) denote matrix transposition. We denote by δ ij the Kronecker delta function. We define {A} = [15, for more details. We will use e(f ) ∈ F, 
Consider an open Markov quantum system which can be described by a set of linear operators defined on the Hilbert space H: (i) a self-adjoint Hamiltonian operator H, (ii) a vector of coupling operators L with the j-th element, L j : H → H for all j = 1, 2, . . . , m, and (iii) a unitary scattering matrix S with the ij-th element, S ij : H → H for all i, j = 1, 2, . . . , m. Moreover, the operators S ij , L j , H and their adjoints are assumed to have D as a common invariant dense domain. Under this description, we note that m corresponds to the number of external bosonic input fields driving the system. Each bosonic input field can be described by annihilation and creation field operators, b 
Note that these processes are adapted quantum stochastic processes. In the vacuum representation, the products of their forward differentials dA
dt can be interpreted as a vacuum quantum white noise, while Λ ii t can be interpreted as the quantum realization of a Poisson process with zero intensity [1] .
Following [14] , the time evolution of a Markovian open quantum system is given by a unitary adapted process U t satisfying the left Hudson-Parthasarathy QSDE [1] :
with U 0 = I. The quantum stochastic integrals are defined relative to the domain D⊗E. With the left QSDE, the evolution of a state vector ψ ∈ H ⊗ F is given by U * t ψ. In this paper, we are interested in the problem of approximating the system with operator parameters (S, L, H) by a finite-dimensional open quantum system with linear operator
is unitary, and H (k) is self-adjoint. Similar to (1), the time evolution of the approximating system is given by a unitary adapted process U (k) t satisfying the left Hudson-Parthasarathy QSDE [1] :
with U (k) 0 = I. Here, the quantum stochastic integrals in the above equation are defined relative to the domain H (k) ⊗E. Similarly, the evolution of a state vector ψ ∈ H ⊗ F is given by U (k) t * ψ.
C. Associated semigroups
Note that an adapted process U t on H ⊗ F is called a contraction cocycle if U t is a contraction for all t ≥ 0, t → U t is strongly continuous, and
Let us now impose an important condition on the open quantum systems, adopted from [14] .
Condition 1 (Contraction cocycle solutions): For all t ≥ 0 and all k ∈ Z + , i) the QSDE (1) possesses a unique solution U t which extends to a unitary cocycle on H ⊗ F, ii) the QSDE (2) possesses a unique solution U (k) t which extends to a contraction cocycle on H (k) ⊗ F. We note that in this paper, Condition 1(ii) on the solution of
is unitary, and H (k) is self-adjoint [1] . In fact, in this case U (k) t is unitary. We will assume that the Condition 1 holds throughout this paper.
Let us define an operator T (αβ) t : H → H via the identity
for all u ∈ D. We assume that D is a core for L (αβ) for all α, β ∈ C m so that the above definition completely determines L (αβ) . Here, we assume that Dom(L αβ ) is dense in H. We likewise define an operator T
In the sequel, we will make use of the above semigroups associated with open quantum systems in establishing our model approximation error bound.
III. ERROR BOUNDS FOR FINITE-DIMENSIONAL APPROXIMATIONS
H (k) . Supposing that Assumption 1 holds, we also assume the following.
Assumption 2: For each k ∈ Z + and each α, β ∈ C m , there exists γ
Moreover, for any i = 0, 1, 2, . . . , r, j = 0, 1, 2, . . . , s, and = 0, 1, 2, . . . , min{r, s}, we have that
for all α, β ∈ C m and all t ∈ [0, T ] with 0 ≤ T < ∞. Let us present some useful lemmas. Lemma 1: Suppose that Assumption 2(iii) holds. Then for any k, r ∈ Z + , any α, β ∈ C m , any u ∈ H (k) , and any t ≥ 0, it holds that
where c 0 = 1 and c j = c j−1 2 j (2 j − 1) −1 for j ≥ 1.
Proof: First note, from the definition of a strongly continuous semigroup, that T (αβ) 0
. From Assumption 2(iii), we have that
Solving the above ODE and applying Assumption 2(iii), we have that
is a contraction and ||P K (k) u|| ≤ u , we have that
Noticing that |a| 2 + |b| 2 ≤ |a| + |b| for any a, b ∈ R, we have that
This gives (3) with r = 1. Now, substituting (5) into the right-handed side of (4) and applying the identity |a| 2 + |b| 2 ≤ |a| + |b|, we get (3) with r = 2. From repeat application of the above steps, we establish the lemma statement.
Lemma 2: Suppose that Assumption 2(iv) holds. Then for any k, r ∈ Z + , any α, β ∈ C m , any u ∈ H (k) , and any t ≥ 0, it holds that
Proof: This proof follows similar argument to the proof of Lemma 1.
B. Error bounds for finite-dimensional approximations
We begin by defining z k r,s (t, α, β) as shown in (7), where c 0 = 1, and c j = c j−1 2 j (2 j − 1) −1 for j ≥ 1. We now establish an error bound between the two semigroups associated with the open quantum systems.
Lemma 3: Suppose Assumptions 1 and 2 hold. Then for any k, r, s ∈ Z + , any α, β ∈ C m , any u ∈ H (k) , and any t ≥ 0, it holds that
(8) Proof: From Assumption 1, it can be shown that
for all t ≥ 0 and all u ∈ H (k) ; see the preprint [17] for more details. From Assumption 2(ii) and the definition of M (k) , we then have for all u ∈ H (k) and all t ≥ 0 that
The result (8) then follows from Lemmas 1 and 2, Assumption 2(i), and integration. This establishes the lemma statement.
That is, for any t ∈ [0, T ) and f ∈ S , there exists 0 < < ∞ and a sequence 0 = t 0 < t
We now present the main results of this paper.
Lemma 4: Suppose Assumptions 1 and 2 hold. For any ψ 1 = u 1 ⊗ e(f 1 ) ∈ U (k) and any ψ 2 = u 2 ⊗ e(f 2 ) ∈ U (k) , let t 0 = 0 < t 1 < . . . < t < t +1 = t with 0 < t ≤ T be a sequence such that f j 1 [ti,ti+1) = α j (i) ∈ C m for j = 1, 2 and i = 0, 1, . . . , . Then for any k, r, s ∈ Z + ,
Proof: First recall that our admissible subspace S contains S . Hence, U (k) ⊂ H (k) ⊗E and the quantum stochastic integrals are well defined for all ψ ∈ U (k) . 
From Lemma 3, and that fact that the semigroups are contractions, it can be shown for any u ∈ H (k) that
The bound (9) then follows by substituting (11) into (10) and noticing again that ||ψ|| 2 = ||u|| 2 ||e(f )|| 2 for any ψ ∈ H ⊗ F. This establishes the theorem statement.
Corollary 1: Suppose Assumptions 1, 2, and 3 hold. For any t ∈ [0, T ] with 0 < T < ∞, any
for any ψ j = u j ⊗ e(f j ) ∈ U (k) with for some ∈ Z + and a sequence t 0 = 0 < t 1 < . . . < t < t +1 = t such that f 1 1 [ti,ti+1) , f 2 1 [ti,ti+1) take on constant values on C m . Moreover, for any fixed positive integer p ∈ Z + , any ψ 1 = u 1 ⊗e(f 1 ) ∈ H (p) ⊗F, and any
Proof: Recall that U t is unitary and U (k) t is a contraction (Condition 1). From the triangle inequality and CauchySchwarz's inequality, we note that
The result (12) then follows from Lemma 4; see the preprint [17] for more details.
To show (13) , suppose that u 1 , u 2 = 0 (otherwise the corollary statement becomes trivial).
, there exists f j ∈ S such that ||f j − f j || < . Then using (12) , Assumption 3, and the bound (9) (established in Lemma 4), we can find f 1 , f 2 ∈ S and a sufficiently large k ∈ Z + (larger than p) such that U t − U (k) t * ψ 1 , ψ 2 < ; see the preprint [17] for more details. This establishes the corollary statement.
Theorem 1: Suppose that Assumptions 1,2, and 3 hold. Let 0 < T < ∞. For any t ∈ [0, T ], consider any L t ∈ Z + , any ψ t = L t j=1 ψ j,t , with ψ j,t = u j,t ⊗ e(g j,t ) ∈ U (k) and u j,t = 0. Also, consider any f ∈ S . Let be a positive integer and t 0 < t 1 < . . . < t < t +1 = t be a sequence such that f 1 [ti,ti+1) and g j,t 1 [ti,ti+1) take on constant values on C m for i = 0, 1, . . . , . Then, for any ψ = u ⊗ e(f ) ∈ H (k) ⊗ F, we have that
Moreover, for any fixed p ∈ Z + and any ψ = u ⊗ e(f ) ∈ H (p) ⊗ F,
for all t ∈ [0, T ] with 0 < T < ∞. Remark 1: Note that a stronger result of strong convergence uniformly over compact time intervals [14, Proposition 20] using an approach based on a Trotter-Kato theorem. However, no error bound as given by (15) for a finite value of k has previously been established.
Proof: First note, since U t is unitary and U (k) t is a contraction, that (14) , the result (15) then follows from Lemma 4, the triangle inequality, and Cauchy-Schwarz's inequality.
To show (16) , let t ∈ [0, T ] be fixed. Suppose ψ = 0. Similar to the arguments of Corollary 1, using the bound (15) and the fact that T is finite, we can find f ∈ S and a sufficiently large k ∈ Z + , and hence ψ t , such that U t − U (k) t * ψ < for each > 0; see the preprint [17] for more details. Since the theorem statement holds trivially when ψ = 0, this completes the proof.
IV. EXAMPLE Example 1 (Kerr-nonlinear optical cavity): Consider a single-mode Kerr-nonlinear optical cavity coupled to a single external coherent field (m = 1), which is used in the construction of the photonic logic gates presented in [12] . Let H = 2 (the space of infinite complex-valued sequences with ∞ n=1 |x n | 2 < ∞) which has an orthonormal Fock state basis {|n } n≥0 . On this basis {|n } n≥0 , the annihilation, creation, and number operators of the cavity oscillator can be defined (see, e.g., [14] ) satisfying
respectively. The Kerr-nonlinear optical cavity can be described by S = I, L = √ λa, and H = ∆a * a + χa * a * aa, where λ, ∆, χ > 0.
Consider H (k) = span {|n | n = 0, 1, 2, . . . , k} and a system approximation of the form
For any α, β ∈ C, L (αβ) u is defined and finite for all u ∈ H (k) . Hence, Assumption 1 holds. Recall that
2 . We will now show that Assumptions 2 and 3 hold for the Kerr-nonlinear optical cavity and the approximation.
Assumption 2(i): For the defined K (k) , it can be seen that this assumption holds with q (k;αβ) L = λ(k + 1)|β|. Assumption 2(ii): This assumption follows for the defined
From these identities and the fact that H (k) is self-adjoint, we have for any u ∈ H (k) that
Noticing that |α| 2 + |β| 2 − 2 {α * β} = α, α + β, β − α, β − α, β = |α − β| 2 . Also, note that
Therefore, we have that Assumption 2(iii) holds for the defined K (k) and the defined γ 
. Also, L * LP M (k) u = λ(k + 1)P M (k) u for any u ∈ H. Therefore, we have that
+ĥ(t, k, α, β, u).
Similarly to the previous derivation, using that T (αβ) t is a contraction, we see that Assumption 2(iv) holds for the defined K (k) and γ , we see that this assumption holds for any r, s ∈ Z + such that r + s ≥ 3.
Finally, because Assumptions 1-3 hold, Lemma 4, Corollary 1, and Theorem 1 can be applied to obtain error bounds on the finite-dimensional approximations.
V. CONCLUSION
This paper has presented error bounds for finitedimensional approximations of input-output models of open quantum systems with an infinite-dimensional underlying Hilbert space (and with possibly unbounded coefficients in their QSDEs). The bounds are established on the basis of the contractive property of an open quantum system and some constructions introduced in [14] . In certain circumstances, we show that this bound vanishes in the limit as the dimension of the approximating finite-dimensional subspace increases. We also applied these results to a physical system taken from the literature.
